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In this paper, the authors investigate and discussed the non-deterministic state
complexity of certain operations on finite state Turing machine on other domain
which includes partial function and natural function over an alphabet set 3*.
It is found that in some boolean operations on said domains, the state complexity
reaches up to upper bound O(W ). This result is complement for the operation
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1. INTRODUCTION

The descriptive complexity issues about operation problem for regular languages of finite state
Turing machine have been discussed by the authors in this paper. The operation problem on a language
family is defined in term of total states in relation to accepting state by deterministic finite state Turing machine.
It is well known that deterministic and non-deterministic finite state machines are equivalent in terms of their
computational power [1], [2]. In terms of states, a given n-state NFA, one can always construct an equivalent
DFA with at most 2" state but the space complexity of this newly constructed DFA will be huge. It has been
found that in most of the cases when an operation is expensive [3] for NFA, it is very cheap for DFA and vice
versa. In this paper, the author gives two examples:
- In the two languages accepted by M- and N-state DFA in Figure 1, after concatenation it has a upper bound

of m* 2" — ¢t %271
NFAs.

states [4], where t is the number of final states it goes m + n 4+ 1 when considering

- When complement operation applied to a language, a n-state NFA in Figure 2 gives an upper bound of 2"
states [5] whereas by an n-state DFA results in exactly the same number of states in the complemented DFA

and vice versa.
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Figure 2. £1= {&* — (0,1)*1™ | (0,1) € & }

2. TURING MACHINE: A STANDARD MODEL
The evolution of machine or automata are as: i) finite memory (encloded in state) —DFAs/ NFAs;
ii) unbounded stack —NPDAs/DPDAs; and iii) unbound memory —TMs.

2.1. Definition

A turing machine: T=( Q, %, 7 , %3, 0, QrF C Q, | ) where %B — 0p :
»Cr—{0} blanksymbol
QxT — Qx71x{L,R} A Cy (Q xT7)x(Q x 71 x{L,R}). Figure 3 depicts the interaction

partial function
between these components.

Infinite tape [6], [7]

4—0——0«—o—<—(3—w—o——o——o—a—o——+>

FSC, (8], 9]

Figure 3. F'SC,- is the read/ write head of finite state control whereas infinite tape- is used for storing input,
as scratch pad and also (in the case of Turing machine as transducers) for storing the output

2.1.1. Instantaneous Description (ID)

An instantaneous description [10], [11] of a TM is a sequence of the form xzqy where x,y € 7* such
that x £ O0* #£ y.

- There is non-blank symbol either to the left of x or to the right of y,

- The first symbol of x and the last symbol of y are both non-blank,

- The first symbol of y is the symbol immediately under the read/write head,
- qis the current state of the FSC.
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An ID is also called a configuration. A move of the TM from an ID z;q;y; to another ID z2qoys is
denoted x1q1y1 F x2q2ys wWhere x1 = aq....ax; y1 = b1....b; is possible provided one of the following holds.

- 6(q1,b01) = (g2, ¢, R) and x5 = aj....axc; y2 = ba....by or
- 6(q1,b1) = (g2,¢, L) and 29 = ay....ax—1; Y2 = archy....by.

The language accepted by a turing machine T is £(T)= {z € £* | qox F* yqs2,y,2 € 7*,q5 € F}

3. TURING MACHINE AS ACCEPTORS
Example 1: £ = {a™b" | n > 1} [12], [13]. Table 1 describes the transition function of the Turing
machine for Example 1.

Table 1. Transition table for turing machine which accept the language £ = {a"d" | n > 1}

T

o a b A B O
q (Ga, AR) (g2, B/R)

| @ AR (@, BR) (¢a, BR)
| (@, AL (@, AR) (g5, B.0)
T @, BR)  (a5,0,R)
af

In any ID the tape contents are of the following invariant property can be used to determine the transition:
A*a*B*b* (1)
if n > 0 then the following transition could also be included:

3.1. Algorithm

Problem: a language £ = {zz | z € (a,b)*}. Finding the midpoint of the sub-string and inserting
a symbol ”C” at the midpoint. Solution schema:
- Starting from the leftmost symbol move to the rightmost symbol and replace the first (1" by ”C”.

- Change the leftmost lowercase symbol to UPPERCASE and the rightmost lowercase symbol to UPPER-
CASE.

- Exchange the ”C” with the new uppercase symbol immediately preceding it.

- The tape invariant is now something like‘ (A+B)*.(a+b)*.C.(A+ B)*

- Repeat steps 2-3 till the tape contents become ‘ (A+ B)*C(A+ B)*

- Now change all uppercase letter except C to lowercase (if necessary).

4. RESULTS AND DISCUSSION

Clearly the Turing machine discussed in previous section can only compute functions over strings over
a finite alphabet [14], [15]. What about computing functions over arbitrary(computable) domains such as the
naturals [16], [17], integers or the rationals or even Cartesian products [18], [19] of such domains or even more
generally functions from one domain to another?

4.1. Computability in other domains

Clearly if the elements of such domains can be represented as string over an alphabet, then one can
talk about Turing machine computability over such domains [20], [21].
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4.1.1. Definition
A set S is represented by elements of another set R if there exists a partial surjective function [22]
called the interpretation [23], [24] of R onto S, as in Figure 4, where:
- Partial is not every element in R need have a meaning in S.
- Surjective is every element of S should have a representation in R.

- On the other hand two or more elements of R may be interpreted as representing the same element in S.

Figure 4. Mapping diagram of partial surjective function

Example: consider the unary representation of the naturals as strings of ‘1g‘ terminated by a single
‘0°. Clearly Z : {0,1}* — N is a partial function because strings such as ‘00100‘ have no interpretation in N.
T is also surjective since every natural does have a representation in {0, 1}*. If leading Og are allowed in the
representation, then each natural has more than one possible representation.

Giving two sets S; and S; represented by R1 and R respectively through interpretations Z; and Zo
respectively, as in Figure 5.

1

F g

(Fy——(=)
Figure 5. A partial function represents a partial function if for all 1 € Dom(Z;),
G(Z1(r1)) = Zo(F(r1)) i.e. the above commutative diagram holds

Alternatively, one may attempt to construct F as a representation of G as a total function, rather than expressing
the diagram as a partial function.

As in Figure 6, given Z;: R1— &7 consider:
;7' S — NE — {$} where
Il_l(sl) ={ry € R|Z1(r1) = s1} i.e. Il_l for any s; € S; yield the set of all possible representations of s;.
Then F : R; :— R, may also be extended to subsets of R, as:
F : Nft « NP2 jg defined for each Xy C Ry as (X)) = {f(r1)|r1 € X1} = X1 C Ro. But one should be
interested in ensuring that the following diagram holds for any s, € Sy, if G(s1) € Sa, require that:
- There is at least one representation r1 € Ry such that Zo(F(r1)) = G € S5.

-r 7& 7’; A Il(rl) = 11(7’2) =81 )\‘/—"(7’1),}—(7"1) € Ro= IQ(]:(’I’l)) = Ig(f(?"‘l)).
- There may be representation of s; in R4 for which F(r;) may not be defined.
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!

Figure 6. A function represents the possibility that 7 may not be defined for some value in
f(X) ={f(r)lr € X1} =X C Ry

4.2. Turing-computable
As in Figure 7, a partial function G : S — Ss is Turing-computable [25], [26] if there exists a
Turing-computable function F : ¥* — 3* on an alphabet ¥ and interpretations Z;, Zo with Z; : ¥* — S and
Is : ¥* — S5 such that:
- For each s; € S; and ./—"(81) =589 € 8,1, 29 € Z*[Il(xl) =S1 A IQ($2) = S9 A .7:(.’]31) =Z9 A vy1 S
Yoy #yr A Ti(yr) = s1 = F(y1) € 5 Y Lo (F(y1)) = s2]]
- For each s; € S, such that Q(sl) §é SQ,V;L-] S E*[Il(lj) =S5 = ]-'(xl) ¢ > YIQ(F(.’El)) §é 82]]

F

I

Q

Figure 7. For any partial function where G(s1) ¢ So if and only if s ¢ Dom/(G)

5. CONCLUSION
A consequences of the above definition is that the implementation of any function of any arity is
that of a unary function on X* for the chosen alphabet. Facts: with addition to natural function a binary

function is considered which is defined as : |+ : N x N = N| However for any pair of naturals m,n € N it

can be encoded over * = {0, 1}* in unary with ‘0‘ as a separator between the components of the pair. Hence

is defined as ’ Z,(1™01™) = (m, n) |and all other patterns of strings z € ¥* — £(1*01*), Z; (z)

is undefined. Similarly Z, for all the result is simply defined as:

Pify=1°P € 1*
22<y>{ Y

undefined otherwise

With above representation the partial function + : ¥* — Yx that we require is given by:

4_( )= 1™+ if x = 1™01" for all m,n > 0
| undefined otherwise

Any Turing machine 7; which implement + is a correct implementation of addition on the naturals.
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